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Abstract 

Let Af be a paracompact smooth manifold, A a Weil algebra and M'^ the associated Weil bundle. In 
this paper, we give a characterization of hamiltonian field on M'* in the case of Poisson manifold and of 
Symplectic manifold. 
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1 Introduction 

In what follows, we denote M, a paracompact differentiable manifold of dimension n, C“(M) the algebra 
of smooth functions on M and A a local algebra in the sense of Andre Weil i.e a real commutative algebra 
of finite dimension, with unit, and with an unique maximal ideal m of codimension 1 over R lfT4ll .. In this 
case, there exists an integer h such that = (0) and (0). The integer h is the height of A. Also we 
have A = R © m. 


We recall that a near point of x e M of kind A is a morphism of algebras 

f : C“(M) ^ A 

such that 

f(/)-/(x)em 

for any / e C“(M). We denote the set of near points of x e M of kind A and M'^ - IJ the manifold 

xeM 

of infinitely near points on M of kind A and 

ttm: ^ M 

the projection which assigns every infinitely near point to x e M to its origin x. The triplet 
defines a bundle called bundle of infinitely near points or simply Weil bundle |[4l.. 


When M and N are smooth manifolds and when h ; M —> W is a differentiable map of class C“, then the 
map 
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such that for all g in C°°{N), 


[h\mg)^^ig°h) 

is differentiable, Q.. Thus, for / 6 C°°(M), the map 

/A; ^ = A,^ ^ [fmadR) = ° /) = m 

is differentiable of class C“. The set, C°°(M^,A) of smooth functions on with values on A, is a com¬ 
mutative algebra over A with unit and the map 

C“(M) ^ ^ f 

is an injective morphism of algebras. Then, we have ||2l.: 

(/ + ^ f+g^{A-ft^ A-f-(f- g)^ = /^ ■ /. 

In 13. and ||3-, we showed that the following assertions are equivalent: 

1. A vector field on is a differentiable section of the tangent bundle {TM^,ni^A , M^). 

2. A vector field on is a derivation of C°°(M^). 

3. A vector field on is a derivation of C°°(M^,A) which is A-linear. 

4. A vector field on is a linear map X : C°°(M) —> C°°{M^,A) such that 

X{f ■ g) = X{f) -g^+f- X(g), for any f,ge C^{M). 


In all what follows, we denote ) the set of vector fields on and DerA , A)] the set of A-linear 

maps 

X : C°°(M^,A) C°°{M^,A) 

such that 

X{ip ■ ij/) - X((f) ■ ^ + ip ■ X{\j/), for any if/ e C°^{M^,A). 

X{M^) ^ DerA[C°°{M^,A)]. 

X(M^) X X(M^) X(M^), (X,Y) [X,Y] ^ X o Y - Y o X 

is skew-symmetric A-bilinear and defines a structure of an A-Lie algebra over 
If 

e : C“(M) ^ C“(M), 

is a vector field on M, then there exists one and only one A-linear derivation, 

: C°°iM^,A) C°°iM^,A) 


Then [g].. 


The map 


called prolongation of the vector field 6, such that 

O^if) = m)t, for any / e C“(M). 

If 0,01 and 02 are vector fields on M and if / e C°°{M), then we have: 


1. (01 + 02)^ = + 0^; 
2 . (/. 0 )^=/^. 0 ^; 

3. [01,02]^ = [0f,0^]. 


The map 


X(M) DerA[C‘"{M^,A)], 0^6^ 


is an injective morphism of R-Lie algebras. 


2 Hamiltonian vector fields on well bundles 

2.1 Structure of A-Poisson manifold on when M is a Poisson manifold 

We recall that a Poisson structure on a smooth manifold M is due to the existence of a bracket {,) on C°°{M) 
such that the pair {C°°(M), {,}) is a real Lie algebra such that, for any / e C°°(M) the map 

ad(f) ; C“(M) ^ C“(M),g ^ {f,g} 

is a derivation of commutative algebra i.e 

{f, 8 -h}^{f,g}-h+g-{f,h} 

for f,g,h e In this case we say that M is a Poisson manifold and C°°{M) is a Poisson algebra 

1121,11131.. 

We denote 

C“(M) ^ Der^[C^(M)lf ^ ad(f), 

the adjoint representation and dad the operator of cohomology associated to this representation. For any 

p e N, 

denotes the C“(M)-module of skew-symmetric multilinear forms of degree p from C°°{M) into C“(M). 
We have 

Kois(M) = C“(M). 

When M is a smooth manifold, A a well algebra and the associated Weil bundle, the A-algebra 
C°°{M^,A) is a Poisson algebra over A if there exists a bracket {,} on C°°(M^,A) such that the pair 
,A), {,)) is a Lie algebra over A satisfying 

{^1 ■ip 2 ,ipi] = {ipy,ip 2 }-iP 2 + Vi ■ {'^ 2 ,^ 3 } 
for any ip\,‘f 2 , <^3 £ C°°(M^,A) IfTl.. 

When M is a Poisson manifold with bracket {,}, for any / e let 

M(/)]^ : C“(M) ^ C^{M\A),g ^ {f,g]\ 
be the prolongation of the vector field ad{f) and let 

{ad{f)Y ■ C°°{M^,A) C^{M^,A) 


be the unique A-linear derivation such that 

[ad(f)ng^) = [ad{f)]\g) = {f,gt 

for any g e C“(M). 

For ip e C°°{M^,A), the application 

: C“(M) ^ ^ -[aKf)ng>) 

is a vector held on considered as derivation of C'^(M) into C°°{M'^,A) and 

: C°°{M^,A) C^iM^,A) 
the unique A-linear derivation (vector held) such that 

T^if) = Mf) = -[aW)nv) 

for any / e C“(M). We have for / e C“(M), 

= [ad{f)]\ 

and for ip,if/ e C°°(M'^,A) and for a e A, 

tf ^ Tp-\p — P ' '^tp ^ ' '^p- 

For any p,^ e C°°{M^,A), we let 

{P,4)}a ^Tp(l//). 

Inll]., we have show that this bracket dehnes a structure of A-Poisson algebra on C°°(M^,A). 

Thus, when M is a Poisson manifold with bracket {,), then {, is the prolongation on of the structure 
of Poisson on M dehned by {,). 

The map 

C°°{M^,A) DerA[C°°{M^,A)],p ^ 

is a representation from C°°(M^,A) into C°°{M^,A). We denote dA the cohomology operator associated to 
this adjoint representation 0.. 

For any p e N, ~a) = ,A),C°"{M^,A)] denotes the A)-module of skew- 

symmetric multilinear forms of degree p on C°°(M^,A) into C°^(M^,A). We have 

We denote 

n 

^Pois(M\ ~a) = 0 Kcis^M\ -a). 

p=0 

For Q e ~a) and Pi,P 2 , ■■■, Pp+i G C°°{M^,A), we have 

__ 

dA^iPi, -- <fp+\) = Pi, Pp+\\ 

1=1 

+ ^ {-l)'^^Q.(_[p„Pj}A,Px,...,Pi,...,Pj,...,Pppi) 

l<i< 7<p+I 

where (pj means that the term , p^ is omitted. 

Proposition 1. For any rj e we have 


3 Hamiltonian vector fields on well bundles 


When M is a Poisson manifold with bracket {,}, a vector field 

e : C'^iM) C'^iM) 

1 . is locally hamiltonian if 6 is closed for the cohomology associated with the adjoint representation 

ad : Der [C“(M)] 

i.e. dadO = 0. 

2 . is globally hamiltonian if 6 is exact for the cohomology associated with the adjoint representation 

ad : C“(M) ^ Der [C“(M)] 
i.e. there exists / e such that 0 - dadif)- 

Thus, a vector field 


1. is locally hamiltonian if X is closed for the cohomology associated with the adjoint representation 

: C°^iM^,A) DerA 


i.e dAX - 0. 


2. is globally hamiltonian if X is exact for the cohomology associated with the adjoint representation 

: C°^(M^,A) DerA 

i.e. there exists ip e C‘^{M^,A) such that V = dAi^p)- 
Proposition 2. When M is a Poisson manifold with bracket {,}, then a vector field 

0 : C“(M) ^ C“(M) 


is locally hamiltonian if and only if the vector field 

0^ : C°°(M^,A) C°°(M^,A). 

is locally hamiltonian. 

Proof Indeed, for any rj e we have 

dA(rf) = (dadd)^- 

In particular, for p = 1, we have 

dA( 0 ^) = (dadO)^. 

Thus, dad0 = 0 if and only if dA(d^) = 0. □ 



Proposition 3. When is a A-Poisson manifold with bracket {, )^, then, a vector field 

X : C°°(M^,A) 

locally hamiltonian is a derivation of the Poisson A-algebra C°°{M^,A). 

Proof We have 

IaX: C“(M'^,A)xC“(M^,A) ^ C^(M'^,A) 

(<f, f) 1-^ (dAX)((p, f) 

and if = 0, then for any C'^{M^,A), 

0 = (dAX)((fi, f) 

= t>[^('A)] - f)A) 

- {^, xmA - [f, x{ip))A - x{{ip, fw 
i.e 

x({ip,f]^) = {x{ip),f]A + w,xmA. 

That ends the proof. □ 

Proposition 4. Let M be a Poisson manifold with bracket {,}. If a vector field 

0 : C“(M) ^ C“(M) 
is globally hamiltonian then the vector field 

6 ^ : C°°(M^,A) C‘"(M^,A) 

is globally hamiltonian. 

Proof Based on the assumptions, there exists / 6 C°°{M) such that 9 - dadif)- Thus, 

0 ^ = [ad{f)t 

= dAif). 

Thus, 9 = dUf) then 0^ = dA(f^) is globally hamiltonian. □ 

Proposition 5. When is a A-Poisson manifold with bracket {, }a, then a vector field 

X : C‘"(M^,A) C‘"(M^,A) 

globally hamiltonian is the derivation interior of the Poisson A-algebra C°°{M^ ,A). 

Proof If the vector field 

X : C°°(M'^,A) C°°{M^,A) 

is globally hamiltonian, there exists ip e C‘^{M^,A) suth that X = dA(p. For any f e C°°{M^,A), we have 

X(f) = (dAifXf) 

= 

= W, f]A 

i.e. X - ad(<f). where 

ad{p) : C°°{M'^,A) A), i/^ {ip,f]A 


Thus, X is globally hamiltonian if there exists p 6 C°°(M'^,A) such that X - T^p - ad((f) i.e. X is the interior 
derivation of the Poisson A-algebra C‘^{M^ ,A). □ 



3.1 Hamiltonian vector fields on when M is a symplectic manifold 


When (M, Q) is a symplectic manifold, then is a symplectic A-manifold H]. 

For any / e we denote Xj the unique vector field on M such that 


ixfO. = df 


where 


d : A(M) —> A(M) 

is the operator of de Rham cohomology. We denote 

d'^ : A(M^,A) A(M^,A) 


the operator of cohomology associated with the representation 

X(M^) Der[C‘"(M^,A)],X ^ X. 

For ip 6 C°°{M^,A), we denote X^ the unique vector field on M^, considered as a derivation of C°°{M^,A) 
into C°°iM^,A), such that 

= d\ip). 

The bracket 


{ip,ilj}nA - -Q.\X^,X^) 

defines a structure of A-Poisson manifold on and for any / e C°°{M), 

XfA = (Xf)\ 


We deduce that m.: 

Theorem 6. If (M, Q) is a symplectic manifold, the structure of A-Poisson manifold on defined by 
coincide with the prolongation on of the Poisson structure on M defined by the symplectic form Q i.e 
for any ip e ,A), = X,p. 

Therefore, for any ip,f& C°°(M^,A), we have 

{ip, if/}aA = [ip, f]A ■ 

Proposition 1. If oj is a differential form on M and if 6 is a vector field on M, then 


Proof If the degree of u is p, then is the unique differential A-form of degree p - \ such that 


for any Q\,Qi,Qp-\ e X(M). As 1 ^( 0 /"') is of degree p - I and is such that 

0f, t^_i) 

= yu{0,6\, ...,0p-{)^ 

for any 0i, 02 ,..., 0p-i e X(M), we conclude that - igA{<xA). □ 

When (M, Q) is a symplectic manifold, 

1. a vector field 0 on M is locally hamiltonian if the form igil is closed for the de Rham cohomology 

and 0 is globally hamiltonian if there exists / e C°°(M) such that igO. - i.e. the form igO. is 

c/-exact. 

2. a vector field X on is locally hamiltonian if the form ix^‘^ is c/'^-closed and X is globally hamil¬ 
tonian if there exists <p e C‘^{M^,A) such that - —d^(ip), i.e. the form ix^^ is c/'^-exact. 

Proposition 8. A vector field 0 : C°°(M) —> C°°(M) on a symplectic manifold M is locally hamiltonian, if 
and only ifff^ : C°°(M^,A') —> C°°{M'^,A) is a locally hamiltonian vector field. 

Proof For any 0 e X(M), we have 

d\if^Q.^) = d^[{ig^)^] 

Thus, 6» is locally hamiltonian, i.e = Oif andonlyif, = Oi.e^^ : C°°(M^,A) C‘”(M^,A) 

is a locally hamiltonian vector field. □ 

Theorem 9. A vector field X : C‘^{M^,A) —> C°°{M^,A) on locally hamiltonian is a derivation of the 
A-Lie algebra induced by the A-structure of Poisson defined by the symplectic A-manifold {M^, D.^). 

Proof Let (M'^, be a symplectic manifold. For any C°°{M'^,A), 

- -Q.\X^,X^) 

If X is locally hamiltonian vector field, we have d'^(ixPii^) = 0 i.e. for any X and Y e 

d^{ixO.^){X, Y) = 0 . 

In particular, for any X^p and X,j,, we have 

0 = {d\ix^^y}{x^,x^) 

= X^{ixQ.\X^)] - X^{ixQ!^(X^)] - ix^{{X^, X^]) 

Therefore 

ix^\[X^,X^]) = X^[ixDf'{X^)]-X^[ixD.\X^)] 
i.e 

Pl^iX, [X^,X^]) = X^[Q.^{X,Xf)]-X^[Q.\X,Xf)] 

Hence 


That ends the proof. 




□ 



Proposition 10. Let (M, Q.) be a symplectic manifold. If a vector field 


0 : C“(M) ^ C“(M) 
is globally hamiltonian then the vector field 

0^ : C‘"(M^,A) C‘"(M^,A) 


is globally hamiltonian. 

Proof. If 0 is globally hamiltonian, then there exists / 6 C°°(M) such that igD. - -d(f). Then, 

(kQ.y = [-d(f)f 

- d^{f) 

Thus 

i.e is globally hamiltonian. □ 
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